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Abstract 

In this study, we determine some special Smarandache curves accord- 
ing to Darboux frame in E 3 . We give some characterizations and conse- 
quences of Smarandache curves. 
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1 Introduction 

In differential geometry, there are many important consequences and properties 
of curves. Researchers follow labours about the curves. In the light of the exist- 
ing studies, authors always introduce new curves. Special Smarandache curves 
are one of them. This curve is defined as, a regular curve in Minkowski space- 
time, whose position vector is composed by Frenet frame vectors on another 
regular curve, is called a Smarandache Curve [6]. Special Smarandache curves 
have been studied by some authors [1, 3, 6]. M. Turgut and S. Yilmaz have 
defined a special case of such curves and call it Smarandache TB 2 Curves in 
the space Ef [6]. They have dealed with a special Smarandache curves which 
is defined by the tangent and second binormal vector fields. Besides, they have 
computed formulas of this kind curves by the method expressed in [6]. A. T. 
Ali has introduced some special Smarandache curves in the Euclidean space [1] . 
Special Smarandache curves such as Smarandache curves TNi, TN2, NiN 2 and 
TN 1 N 2 according to Bishop frame in Euclidean 3-space have been investigated 
by Qetin et al [3]. Furthermore, they studied differential geometric properties 
of these special curves and they calculated first and second curvature (natural 
curvatures) of these curves. Also they found the centers of the curvature spheres 
and osculating spheres of Smarandache curves. 
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In this study, we investigate special Smarandaclie curves such as Smaran- 
dache Tg, Tn, gn and Tgn according to Darboux frame in Euclidean 3-space. 
Furthermore, we find some properties of these special curves and we calculate 
normal curvature, geodesic curvature and geodesic torsion of these curves. 



2 Preliminaries 



In this section, we give an information about special Smarandaclie curves and 
Darboux frame. Let M be an oriented surface and let consider a curve a (s) 
on the surface M . Since the curve a ( s ) is also in space, there exists Frenet 
frame {T, N, B} at each points of the curve where T is unit tangent vector, 
N is principal normal vector and B is binormal vector, respectively. The Frenet 
equations of the curve a ( s ) is given by 

f T = kN 

< N'=-kT + tB 
{ B'=-rN 

where k and r are curvature and torsion of the curve a (s) , respectively. Here 
and in the following, we use “dot” to denote the derivative with respect to the 
arc length parameter of a curve. Since the curve a (s) lies on the surface M 
there exists another frame of the curve a (s) which is called Darboux frame and 
denoted by {T, g, n}. In this frame T is the unit tangent of the curve, n is the 
unit normal of the surface M and g is a unit vector given by g= nxT. Since 
the unit tangent T is common in both Frenet frame and Darboux frame, the 
vectors N,B,g, n lie on the same plane. So that the relations between these 
frames can be given as follows 



T " 




' 1 0 O' 




T 


g 


= 


0 cos <p sin <p 




N 


n 




0 — sin ip cos p 




B 



where <p is the angle between the vectors g and n. The derivative formulae of 
the Darboux frame is 



T 




0 k g k n 1 




T 


g 


= 


CD 

b- 

O 

CD 

»se 

1 




g 


n 




[ ~k n ~T g 0 J 




n 



where , k g is the geodesic curvature, k n is the normal curvature and r g is the 
geodesic torsion of a ( s ) . 

The relations between geodesic curvature, normal curvature, geodesic torsion 
and k , r are given as follows 



k g = k cos ip, k n = k sin ip , 




(2.3) 
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In the differential geometry of surfaces, for a curve a (s) lying on a surface 
M the followings are well-known 

i) a (s) is a geodesic curve <t=> k g = 0, 

ii) a ( s ) is an asymptotic line <t=> k n = 0, 

iii) a ( s ) is a principal line <t=> r g = 0, [7]. 

Let a = a (s) and (3 = (3 {s*) be a unit speed regular curves in E 3 and 
{T, N, B} be moving Serret-Frenet frame of a ( s ) . Smarandache curves TN 
are defined by 0 (s*) = (T+N), Smarandache curves NB are defined by 

0 (s*) = -^= (N + B) and Smarandache curves TNB are defined by /3 (s*) = 
^(T + N + B). 

3 Special Smarandache Curves According To Dar- 
boux Frame In F 3 

In this section, we investigate special Smarandache curves according to Darboux 
frame in E 3 . Let a = a (s) and /3 = /3 (s*) be a unit speed regular curves in E 3 
and defined by {T,g, n} and {T*,g*,n*} be Darboux frame of these curves, 
respectively. 

3.1 Tg— Smarandache Curves 

Definition: Let M be an oriented surface in E 3 and let consider the arc - 
length parameter curve a = a (s) lying fully on M . Denote the Darboux frame 
of a(s) {T. g, n} . 

Tg- Smarandache curve can be defined by 

0(s*) = j=( T + g). (3.1) 

Now, we can investigate Darboux invariants of Tg — Smarandache curve 
according to a = a (s) . Differentiating (3.1) with respect to s, we get 

P = ( k g T - k 9g- ( fc » + D?) n ) » (3-2) 

and 

ds* - 1 

T *~ds = 71 ( k a T ~ k 9S ~ {kn + Tg) n) 

where 

ds* 
ds 

The tangent vector of curve 0 can be written as follow, 

T = = {kgT—kgg— ( k n + Tg) ii) . (3.4) 

v/2 kg + {k n +T g ) 
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Differentiating (3.4) with respect to s, we obtain 



dT* ds* 
ds* ds 



(2 k 2 g + (k n 



— t (riT+r 2 g + r 3 n) 

\2\ 2 



where 



r, = (fe, + T,) Ik, (t + r rU,- r,*,) - k', (K + r.) - k n te + (fc, + r s ) 2 ] } - 

r 2 = (fcn + Tg) \~kg [k n +T g + k n kg + Tgkgj + k g + T g) ~ Tg 2^ + + Tg ) J | ~ 2^ 

r 3 = kg {k n + Tg) -2 k' g ~k n +Tg{k n +Tg) + 2 ^ (kgT g + k^ + . 



Substituting (3.3) in (3.5), we get 

V2 



(2 fcg + (■ k n + Tg) ^ 



(riT+r 2 g + r 3 n) . 



Then, the curvature and principal normal vector field of curve /3 are respectively, 

II -J ^2(r ■j+rt + ri) 

rv JL <-» 



(2 k 2 g + (kn + T g y 



N* = — (TiT+r 2 g + r 3 n) . 

y/ri+ri + rf ’ 



On the other hand, we express 



B* = T*xN* = 



l2kl + (kn + Tgfy/Y‘i+Tl + T‘i Ti r 2 



T g n 

kg kg k n H - g 



So, the binormal vector of curve /3 is 



/2k 2 g + (kn + Tgfy/T‘i+T 2 2 + r' 2 3 



(MiT+M 2 g + M 3 n) 



where 



{ Mi = k g T 3 - (k n +T g )T 2 
M2 = (k n + r g )T 1 +k g T 3 
H 3 = - kgT 2 -k g T 1 . 

We differentiate (3.2) with respect to s in order to calculate the torsion 



P" = y= { (kg + kg + kn (kn + t s )) T+ (-k' g + k 2 g + Tg (k n + T g )j g+ ( k n k g - k g T g -k g + T^j n 
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and similarly 



III — 1 

0 = ~j= (,iT +??2g + Vs n ) , 

where 

f Vl = k "g + 2k n (k'n + T 'g ) + fc 9 (f k ' g ~ T l ~ k l ~ k g ) + *4 On + Tg) 

< Vi = -fcg + 2t 9 (k'n + T 'g ) + fc 9 ( 3fc g + T g + k l + fc g) + T 'g On + T g ) 

{ Vs = k 'g ~ T'g + k g ( k ’n ~ T 'g ) + ( k n + Tg) (t] + k 2 + k£) + 2k' g ( k n - T g ) . 

The torsion of curve /3 is 



r 



* 



-1 (V 1 +V 2 ) * 


’g (k'n + Tg ) 


| - k' g (k n + Tg) 


+ 1 


( 2 kg + (k„ 


■ + Tg) 2 ) [TgV l - 


knV2 + kgV 3 ] 


2 

( 


( k 'g 2 + K 

k'n + Tg) 


) + (k n +T g ) 
k'n +Tg- 2k g 


(kn + T g ) 
(kn ~ T g ) 


On + T 2 g ) + 2 k n 1 

+ k 2 g (k n - Tgf 


(k g + k^ 


) + 2r g | 


( k 'g ~ k g) 


+ 



The unit normal vector of surface M and unit vector g of /3 are as follow. Then, 
from (2.1) we obtain 



= -=- {(v^cost/sTi + sintp*/^) T+ (■ v /?cos<p’T 2 + sin<p*/z 2 ) g+ U/<;cos<p*Tz + sin(p*/x 3 ) n} , 

V?£ 



and 



n 



* 



—^{(^cosp* 



v / Csin(/?*Ti) T+ (/z 2 cos p* 



v / i : siniyj*r 2 ) g+ (n 3 cos p* - v / csin(/3*r 3 ) n} . 



where £ = y / ff+r|~+T : |, ? = 2k g + (k n + T g f and p* is the angle between the 
vectors g* and n*. Now, we can calculate geodesic curvature, normal curvature, 
geodesic torsion of curve , so from (2.3) we get 



k 



* 

9 



V2 (ri+rg + ra) 

2 COSp , 

( 2k g + ( k n T Tg) ) 



and 



K 



\J2 (Tf+T| + T§) 

( 2k g + ( k n + T g) ) 



sin cp*, 



and 



-1-1 (V1+V2) ‘ 


kg (k’ n + Tg) - k'g (kn + Tg) + (2 k 2 + (kn + Tgf) 


[TgVl - k „V 2 + k g T 73] 


’ s/ 2 -A 2 

( 


(*?+*s 

b + b) 


) + (kn + T g) (kn + T g) 
k'n + Tg - 2 kg (k n ~ T g ) 


( k l + Tg) + 2 k n (k'g + k 2 g 

+ k 2 g (k n - Tgf 


) +2Tg (kg-kfj] + 



dp* 
ds* ' 
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Corollary 1 Consider that a ( s ) is a geodesic curve, then the following equa- 
tion holds, 



Consider that a (s) is a geodesic curve, then the following equation holds, 

i) K * - ^ 

(fc„+T 9 ) > 

* _ _ 1 (k n + Tg) 2 +(k n +Tg)(k' n Tg-k„T ' g ) 

^ (k n +T g ) 3 {kl+Tl) + {k' rl +T' g Y 
1 * \! 2 ( fe n+ r s) * 

m) k g — (k n +T g ) cos ^ > 



W ) k* - 

W > K n — (k„+T^ 



V ) T* = 



-1 



(*n+r.) S11 ^ > 

(fc„+r 9 ) 2 + (fc„+T g ) (fc n Tg—k n T 



V2 (kn+Tg) 3 (k2+T 3 ') + (k' ri +T l g) 



+ 



dtp* 

ds* 



3.2 Tn — Smarandache Curves 

Definition: Let M be an oriented surface in E 3 and let consider the arc - 
length parameter curve a = a (s) lying fully on M . Denote the Darboux frame 
of a(s) {T. g, n} . 

Tn- Smarandache curve can be defined by 

/3( S *) = -L(T+n). (3.6) 

Now, we can investigate Darboux invariants of Tn — Smarandache curve 
according to a = a (s) . Differentiating (3.6) with respect to s, we get 

P = = y= (k n T+ (r g - k g ) g - k n n) , (3.7) 

and 

ds* — 1 

■r— (knT+ {t g -k g ) g - kn n) 

where 

ds* _ , [wk + ( r 9 - / 38 ) 

ds V 2 

The tangent vector of curve 0 can be written as follow, 

T* = ~ 1 = (kn T+ ( Tg -k g ) g - fc„n) . (3.9) 

V 2fc n + ( r 9 - kgf 

Differentiating (3.9) with respect to s, we obtain 



dT* ds* 
ds* ds 



“T (7iT+ 7 2 S + 7 3 n ) 

( 2 kl + (Tg ~ k g f) 2 



(3.10) 
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where 



71 = (Tg ~ kg) jfc n (~kg +T g + k n kg - Tgkn'j - k' n (Tg - kg) + kg [2fc£ + T g ~ kg] } - 2 

72 = Mt 3 - kg) [ 2 *4 + Tg (fc2 - Tg) - 2 kl (k n kg + T g -k' g - knTg^j 

73 = Off - kg) {-fcn (-fcg + Tg - knkg + Tgfc n ) + k' n (t g - fcg) - Tg [2A£ + Tg ~ kg] } ~ 2fc£. 



Substituting (3.8) in (3.10), we get 

V2 



rji* 



- fcg) 2 ) 



(7iT+7 2 S + 73 n ) • 



Then, the curvature and principal normal vector field of curve /3 are respectively, 



and 



k = 



N* = 



1 



y2 (7i+7l +7|) 

, - Kf) 2 

(7iT+7 2 g + 7 3 n ) • 



B* = T*xN* = 



On the other hand, we express 

1 



n 1 v r g kg 



So, the binormal vector of curve /? is 

1 



B* = 



•n T \Tg ~ kg 



! 2 /„.2 1 „,2 1 „,2 

1 



1 g n 

kn kg Tg k n 

7i 72 73 



(z^T+i/ag + ^n) 



where 



vi = (k g -Tg) 73 - fc„7 2 

^ 2 = fc n 7i+fc™73 

v 3 = -knl 2 + {Tg ~ kg) 7 i- 

We differentiate (3.7) with respect to s in order to calculate the torsion 



-1 



0 = y= { (^g + kn - kg (Tg - fcg)) T+ (k n kg + (t g ~ ^g ) + AS„ T g ) g+ (*£ + (Tg - ZSg ) Tg ~ fcj,) n} , 



and similarly 



-1 



P = ~^= (wiT+w 2 g + w 3 n) , 
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where 



wi = fc" - 2fc g (j'g-k'g) + k n ( 3fc n k g ) + ( fc s “ T s) 

W 2 = kg ~ r" + fc„ (fcg + Tg) + (fcg - Tg) (Tg + + fc2) + Tg ( 2 k' n - fc^) + 2 kgk' n 

W3 = -C + 2 Tg (rg-fcg) + k n (3 k' n + Tg + Tg (fcg + Tg)) + (kg ~ Tg ) ( K kg ~ T g ) . 



The torsion of curve /3 is 



2 ( 


Tg-fcg) [fc„ (Wl - W 3 ) + W 2 (kg - Tg)] - 2fc„ | 


( fc n + k l j 


) W2 


\/2 2 | 




1 + ( T g- k g ) 


21 


( fc n - fen) 


|-2| 


( fc n 


- k 'n) 


1 kg 


+ (t g—kg) 2 (l + kg) + 



( T S - kg) (j'g - fcg) + 2 (*^g + &«Tg) + fc £ (&g + Tg) 

The unit normal vector of surface M and unit vector g of /3 are as follow. Then, 
from (2.1) we obtain 



T = 



and 



x/V’T' 



ip cos <p*'y 1 + sm^Ti) T+ (y/ip cost/?*7 2 + sin <y 5 *z/ 2 ) g+ ^-\/V’ C0S ^* 7 3 + sin ^*^3) n 



| ^17 cos tp* — sin ^*7!^ ~t + (v 2 cos (/?* — \/f/> sin p*j 2 ) ”5^ + ^3 cos — \/f/> sin ^*7 3 ) d 

where 7r = ^7^+7^ + 73, ip = 2 k„ + (r g — k g ) 2 and is the angle between the 

vectors g* and rT.Now, we can calculate geodesic curvature, normal curvature, 
geodesic torsion of curve , so from ( 2 . 3 ) we get 

*;= y 2 W + r l±JL COS y. 



and 



and 



(2fc2 + ( T g— fcg) 2 ) 



£= N /2(7 " +7i +-% siny >» 



>g- fc s) 2 ) 



\ kn ( 


Tg-kg) [kn (wi - W 3 ) + W 2 (kg ~ Tg)] - 2k n I 


(&ra + k n j 


) W 2 


V2 2 | 


(C + 


1 + (Tg-kg) 


2 I 


( fc n - *4) 


1 -2 | 




- k'n) 


1 fcg 


+ ( T g—kg) 2 (l + kg) + 



dy* 

ds* 




Corollary 2 Consider that a ( s ) is a geodesic curve, then the following equa- 
tion holds, 



Consider that a (s) is an asymptotic line, then the following equation holds, 
i) K * - ^ ( fc 2+ r ?) 

l) (r g -k B r ’ 

(kg-Tg)(k' g T g -k g T' g ) 

V? (l + k*)(T g -k l g )(T l g -k' g )(T g -k g )- 2 ’ 



ii) t* = 1 



in) k* = 



* _ \j 2 ( fc i+ T i) 



( r 9~ k g ) 



-T- COS (p 



iv) k* 

v) T* g = 



\J 2 ( k l+ T i) 

Cg-kg )' 2 



suup 



_ 1 ( kg-Tg)(k g Tg-k g Tg 

V2 (: l+kl)(Tg-k' g )(T' g -k' g )(T g 




dtp* 
ds* ' 



3.3 gn— Smarandache Curves 

Definition:Let M be an oriented surface in E 3 and let consider the arc - length 
parameter curve a = a (s) lying fully on M . Denote the Darboux frame of a (s) 
{T,g,n} . 

gn - Smarandache curve can be defined by 

P{s*) = ^(g + n). (3.11) 

Now, we can investigate Darboux invariants of gn — Smarandache curve 
according to a = a (s) . Differentiating (3.11) with respect to s, we get 

P = = y= + k g) T +^g - r g n ) , (3.12) 

and 

ds* —1 

T '— ((kn + kg) T + Tgg - TgU) 

where 

ds* 1 2 t 2 + (k n + k g ) 2 

dT = V 2 ■ < 3 ' 13 > 

The tangent vector of curve (3 can be written as follow, 

T* = _l = ((k n + kg) T + Tgg - Tg II) . (3.14) 

^ T g + (kn + kg) 

Differentiating (3.14) with respect to s, we obtain 



d.T* ds* 
ds* ds 



t (AiT+A2g + Aan) 

(% T g + (k n + k g ) ^ 



(3.15) 
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where 



Ai = 2t 9 t 's ( k n + k g ) -2 r 2 g (k' n + kg ) + r g {k g - k„) (2 r 2 g + {k n + kg) 2 ') 



K + kg ) - 2 Tgkg 



A 2 = -2 T’ + Tg { kn + kg) 

A 3 = —2 T*+Tg {kn + kg) (k' n + kg') - 2 Tgfe 

Substituting (3.13) in (3.15), we get 

V 2 



{kn + kg) ^( k n + kg) kg + T g~^ T g S ) 
+ {kn + kg) 2 (- {k n + kg) k n + Tg-rf) 



rjp* 



(AiT+A 2 g + Aan) . 



( 2 ^ + {k n + kg) 2 ') 

Then, the curvature and principal normal vector field of curve /3 are respectively, 

\J 2 (A?+A 2 + A 3 ) 

( ' 2t I + (k n + kg) ^ 

N* = 1 (AiT+A 2 g + A 3 n) . 

^l+Xl + A I 

On the other hand, we express 



and 



B* = T*xN* = 



\J 2 k % + {r g - k g ) 2 AJ+A 5 + A; 



T 

-{k n + kg) 

Ai 



g n 



A 2 A 3 



So, the binormal vector of curve /3 is 

1 



B* = 



\J 2t2 + (kn + kg) 2 \J A 1 +A 2 + Ag 



(piT+p 2 g + p 3 n) 



where 



Pi = — t g A 3 — r s A 2 
P 2 = T gAi + {k n + k g ) A 3 

P 3 = ~{k n + kg) A 2 +TgAl. 

We differentiate (3.7) with respect to s in order to calculate the torsion 



P = { (kg + K + Tg (k„-kgj) T+ (kg{k n + kg) + T g+T^) g+ ( K { k n + kg) ~ T g +T 



and similarly 



P = y= (Xi T +X 2 g + X 3 n ) • 
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where 



Xl = k“ + kg - 2 Tg (k n ~ kg) + Tg ^ ~ kg^) ~ (k n + kg) (t] + ^ ^ ) 

X 2 = T "g + 2 kg (k' n + k'g ) + 3 TgTg + {kn + kg) (kg - Tgkn) + k g Tg {k n - kg) ~ Tg 

X3 = T "g + 2k n (k'n + &g) + 3 T g T g + {k n + k g ) (k' g + T g k g ) + k n T g {k n ~ kg) + T 3 g . 

The torsion of curve j3 is 

{kn + kgfl^r'g + Tg^j + k g {k n + k g )^j x 3 ~ (( T 'g- T g) ~ knikn + kg^j X2+ 



T = 



_ 1 Tg (kn + kg) Xl] - Tg (x 2 + X3) 


(*4 + K 


) + Tg {k n - kg) 


2 


(kn + kg) (kn + kg') + 2 (fc n 
/ 9 . r / , / \ 


+ kg) 


k g ( T 'g + T l) + 2fc ™ ( r 9 - T s) 
1 2 


+ 



^g + 2 ^+ 



( k n + kg ) + Tg {kn - kg) 



The unit normal vector of surface M and unit vector g of (3 are as follow. 
Then, from (2.1) we obtain 



g = 



and 



=— | ^\/Acos<£*Ai + simp*^) T+ ^a/A cosp *\2 + sin</j*p 2 ) g+ (\/A cosip* A 3 + sin^*p 3 



Tao 



cos< ^* — v / Asin<p*Ai^ T+ (p 2 cos ip* — v / Asin<p*A 2 ^ g+ (p 3 cosp* — v / Asin<p*A 3 

where ft = yj \^+X 2 + A 3 , A = 2 r g + {k n + k g ) 2 and ip* is the angle between the 
vectors g* and n*. Now, we can calculate geodesic curvature, normal curvature, 
geodesic torsion of curve , so from (2.3) we get 



and 



and 



k* — 
K g - 



k* = 



\Z 2 (aj+a 2 + A 3 ) 

( 2r g + (kn + kg) ) 



2 COS ip 



I + A2 + A3) 



+ kg ) 2 ) 



2 sm ip 



-1 Tg (fc„ + kg) Xl] - Tg (x 2 + X 3 ) 


(k'n + k’g ' 


) + Tg {k n - kg) 


2 


v' 2 {kn + kg) 2 (kn + kg) + 2 {kn + kg) 


kg ( T 'g + Tg) + 2 kn (t 2 9 - Tg) 


+ 



+ 



ds* 



+ 2 i- 



(*4 + fc g) + r 9 (kn - k g ) 



11 




Corollary 3 Consider that a ( s ) is a geodesic curve, then the following equa- 
tion holds, 



Consider that a (s) is a principal line, then the following equation holds, 

K * = 7 ( fc - +T i) 

' {k n +Tg) ’ 

. _* _ -1 (k n +T g ) 2 +(kgk' n - k ^ k 'g) 

11 T ~ ^2 (fc2 +k 2') + (k' n+T ' g ) 2 (k n +kg)- 2 ’ 



, * _ \J 2 ( fe n+ r 9) 

ni) k g — ( kn +Tg ) 



cosip 



. s , * 1/2 ( k ^+ T 2 ) . 

%V ) k n = (k n + r g ) Sm ^ » 

„ = _x (fcn+T 9 ) 2 +(fc 9 fc^ k n k g ) 

3 C5 (fc2 + fc| j_)_^^_|_ T ^ 2 (fc ji _|_fc a )-2 ds* 



3.4 Tgn— Smarandache Curves 

Definition 1 Let M he an oriented surface in E 3 and let consider the arc - 
length parameter curve a = a (s) lying fully on M . Denote the Darboux frame 
ofa(s) {T, g,n} . 



Let M be an oriented surface in E 3 and let consider the arc - length parameter 
curve a = a (s) lying fully on M. Denote the Darboux frame of a ( s ) {T, g, n} . 
Tgn- Smarandache curve can be defined by 

(3(s*) = -j=( T + g+n). (3.16) 

Now, we can investigate Darboux invariants of Tgn — Smarandache curve 
according to a = a (s) . Differentiating (3.16) with respect to s, we get 



P = Js*^ = 71 ^ kn + k ^ T+ g “ ( Tg+k n )n ) , 

and 

ds* -1 

T*— = — ((k n + kg) T+ ( Tg-kg ) g - (Tg+fc^n) 

where 

ds* — / (kn + kg) + ( T g — kgY + ( T g~kk n Y 

"S’ V 3 ‘ 

The tangent vector of curve (3 can be written as follow, 



(3.17) 



(3.18) 



rjp* 



-1 



\j ( k n + kg ) 2 + (r g —kg ) 2 + ( Tg + kn)' 



{{kn + kg) T+ (Tg-kg) g 



(T g +k n ) n) . 

(3.19) 
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Differentiating (3.19) with respect to s, we obtain 



dT* ds* 
ds* ds 



(( kn + kg) + ( Tg — kg ) + ( Tg+k n ) ^ 



(<5iT+<5 2 g + ^3 n ) (3.20) 



Si = (■ K + /C S ) 2 [fcg (Tg-fcg) ~ fc n (Tg+fc„)] + (fc„ + fcg) (Tg ~ fcg ) ^g-fc^ + (Tg+fcg) (^ + *4) + 

(( T S- fc 3) 2 + (Tg + fcn) 2 ) kg (Tg-kg) ~ ( fcg+fc ^ - fc„ (Tg + fc„) 

<^2 = ( T g~kg ) [— kg(k n + kg ) — Tg (Tg + fc n )] + ( T g ~ fcg ) (fcg + fc n ) (fcg+fc„^ + ( T g + fcn) ^gS^n^ “b 

((*S + fc n) 2 + (Tg+fc„) 2 ) -fcg (fcg + fc„ ) + ^ ~ Tg^) ~ Tg (r, g + fc„ ) 

<$3 = (Tg + fcn) 2 [Tg (fcg Tg) - fc„ (fcg + &„)] + (Tg + fc„) - (fcg + fc„) (fcg + * 4 ) - (Tg-kg) (r'g-k'g^j 

((fcg + fcn) + ( r g — fcg) ^ Tg (fcg — Tg) + ( T g+fc„^ — fcn (fcg + fcn) 

Substituting (3.18) in (3.20), we get 



((fcn + fcg) 2 + ( T g -k g f + (Tg + fc„) 2 ) 



(<5iT+(5 2 g + fan) . 



Then, the curvature and principal normal vector field of curve /3 are respectively, 



K * = T* = 



\Z 2 (<5i+<5 2 + £ 3) 

((fcn + kg) + (Tg — kg) + (Tg+fc n ) ^ 



N* = - ((5iT+<5 2 g + <5 3 n) . 

^(Sl+sl + sl) 

On the other hand, we express 

i T g n 

B* _ T*xN* = -(fcn + fcg) fcg T g Tg + fc„ 

Y (fcn + fcg) + ( r g— fcg) + (Tg + fc n ) (S\+S\ + £> 3 ) (5l <5 2 ^3 

So, the binormal vector of curve /3 is 



B* = (CTiT+cr 2 g + (J 3 n) 

V (fcn + fcg) + (Tg — fcg) + (Tg+fcn) v/ A 1+A2 + A3 
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where 



{ CTl = (k g -Tg) S 3 - (t g + fcn) ^2 

CT2 = (Tg + fcn) <5i + (fc„ + kg)S 3 

o - 3 = ~{k n + kg) S 2 - {kg-Tg) 5i. 

We differentiate (3.17) with respect to s in order to calculate the torsion 

» -if (k'g + k' n + kg {kg-Tg) + k n {t g + fc„)) T+ fcg ( fc„ + fcg) + ^g-fc^ +Tg (Tg+fc„)) g + 
V5 | (fc„(/C n + fcg) + Tg {Tg-kg) ~ (Tg + fc^) U 

and similarly 

/? = y= (CiT+C 2 g + C 3 n), 

where 

^1 = K + k'g - 2 kg (kg ~ T ^ d" ^ d" ^g^) ^ 

2k n (k' n + Tg) + (fc„ + Tg) - fcgTg) 

C 2 = T g—kg + 2 Tg (fc(, + Tg) + 2fcg (fc), + fcg) + (fc„ + kg ) (fcg ~ fc„Tg) + 

(Tg+fc n ) (fc„fcg + Tg) + {kg-Tg) (fcg+T^) 

£3 = - ( r g+ fc n) + 2fc ™ (*4 + fc g) + { T 9~ k g) ( r g “ fc «fcg) + {k n + k g ) (k’ n + fcgTg) + 

2T 9 ( T 9 ~ fc g) + ( fc ™ + T s) ( k l + T g) ' 

The torsion of curve /3 is 



-1 



{kn + kg) {kg ~ T g) {t g^ - fc„Cl) + (fcg - Tg ) 2 (t s ^ + fcgC 3 ) - 

(k'n + T g) [(^g - T g) Cl + ( fc n + k g ) £ 2 ] - 

(*4+ fcg) (fc^ +Tg) Cl + (fcg -Tg)C 3 -(fcn+Ts)C 2 + 

{k n + Tg ) 2 (Tg^ - fc„£ 2 ) + 

{kn T Tg) (fc n T fcg) {t g^ 3 T fcgCl) T {kn T Tg) (fcgC 3 k n C 2 ) 
(fcg - Tg) ( fc n + Tg) (fc„C 3 - fcgC 2 ) + (*n + fcg) (t^ - fcg) 



^ (fcg - Tg ) 2 (fcg + Tg) + 2 (k' n + k'g^j [kg ( fcg - Tg) + fc„ {k„ + Tg)] + 

Tg ( T 'q ~ fcg) +fcg(fcn + r g) 



fcg ( r g - fcg ) - fc r 



(fcn + Tg) 2 (kl +T 2 g ) + 2 {k n + T g ) 

(fc n + fcg) (fc^ + Tg) + 2 (fc„ + fcg) 

fcnTg (Tg - fcg) + ^ + fcg ) + (fc^ + Tg ) + ^g - fcg) d" ^Tg ~ ^ 

- 2t 9 (Tg - fcg) (4, -f fc' 



( T 'g + kg) 
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The unit normal vector of surface M and unit vector g of /? are as follow. Then, 
from (2.1) we obtain 



g = 



and 



n = 



:L- | (yx cos ip* Si + sin ip*cri) T+ ^\/A cos ip * 82 + sin V 2 j g+ ^-\/A cos ip* 



v^A 



v^A 



| (&i cos ip* — \/Asin</j*< 5 i^ T+ ^cr 2 cos<£* — V^Asin 97 *^ 2 ^ g+ ^03 cosp* 



where $ = yj Sf+8% + 8\, A = (k n + k g ) 2 + ( T g —k g ) 2 + (r s +fc„) 2 and ip* is the 
angle between the vectors g* and n*. Now, we can calculate geodesic curvature, 
normal curvature, geodesic torsion of curve , so from (2.3) we get 



and 



and 



it* - 

K g - 



kl = 



l+5l + J 2 ) 



((kn + kg ) 2 + (Tg-kg ) 2 + ( Tg + fc„ f) 

\/ 2 (^' 1+^2 + $ 3 ) 

({kn + kg ) 2 + (Tg-kg ) 2 + (t g+k n f) 



2 COS <p 



2 sm ip 



(kn + kg) (kg - Tg) (t - fc^) + (kg ~ T gf (t g^ + kg^) + 
[k'n + Tg) [(kg - Tg) Ci + (k n + k g ) £ 2 ] - 

(k'n + Tg) £r + (kg - Tg) £3 ~ ( K + T g) ^ 

(Tgi ! - k n £ 2 ) + 



, K + kn 



(k n + T g ) 



T n — 



-1 (kg ~ Tg) (kn + Tg) (k n £ 3 - kg£ 2 ) + (k„ + kg) | 


( T 'g - k'g ) 


1 


^ (kg - Tg ) 2 (k 2 g A T 2 g) + 2 | 


(k'n + k’g) 


1 \kg ( k g g~) k n (, k n H"~ T g)\ “1“ 



T 9 [ r g- k 9 ) + k l ( k n+T g ) 



-kn^'g + kg) 






(k n + Tgf (kl +T 2 g ) +2 (k n + T g ) 

(k n + kg) (kl + Tg) + 2 (fc n + fcg) 

knTg (Tg - kg) + (k'n + k' g ) + (k 2 + Tg) + (t^, - fcg) + (t^ - fc^) + 
~ 2 Tg (Tg - kg) (Vg + k'n) . 
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